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An interface crack with a frictionless contact zone at the right crack-tip between two dissimilar magneto-
electroelastic materials under the action of a thermal ﬂux and remote magnetoelectromechanical loads is
considered. The open part of the crack is assumed to be electrically impermeable and magnetically per-
meable, and the crack faces are assumed to be heat insulted. The inhomogeneous combined Dirichlet–
Riemann and Hilbert boundary value problems are, respectively, formulated and solved analytically.
Stress, electrical displacement intensity factors as well as energy release rate are found in analytical
forms, and analytical expressions for the contact zone length have been obtained for both the general
case and the case of small contact zone length. Some numerical results are presented, which show clearly
the effects of thermal and magnetoelectromechanical loads on the contact zone length, stress intensity
factor and energy release rate. Results presented in this paper should have potential applications to
the design of multilayered magnetoelectroelastic structures and devices.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
Magnetoelectroelastic materials have been widely used in elec-
tronics industry. The technical applications include waveguides,
sensors, phase invertors, transducers, etc. (Parton and Kudryavtsev,
1988). In the design of magnetoelectroelastic structures, it is
important to take into account the defects/imperfections, such as
cracks, which are often pre-existing or are generated by external
loads during the service life. Therefore, in recent years, research
on fracture mechanics of magnetoelectroelastic materials has
drawn a lot of interest (Li, 2001; Gao et al., 2004; Heyliger et al.,
2004; Zhou et al., 2004; Chue and Liu, 2005; Feng et al., 2005,
2007; Pan and Han, 2005; Hu and Li, 2005; Feng and Su, 2006; Li
and Kardomateas, 2006; Wang et al., 2006, 2008; Zhao et al.,
2006; Yong and Zhou, 2007; Li and Lee, 2008; Rao and Kuna,
2008, 2010; Singh et al., 2009; Zhong and Zhang, 2010; Sladek
et al., 2011; etc.).
For two-dimensional (2-D) plane crack problems of homoge-
neous magnetoelectroelastic medium, numerious research achive-
ments have been made (Liu et al., 2001; Gao et al., 2003a; Gao
et al., 2003b; Sih et al., 2003; Song and Sih, 2003; Tian and Gabbert,
2004; Tian and Gabbert, 2005; Wang and Mai, 2007; Zhong and Li,
2007; Zhou et al., 2007; Chen, 2009a; Zhong et al., 2009). For inter-ll rights reserved.
x: +86 311 87936466.
g).face crack problems, some results have been obtained as well. For
example, Gao et al. (2003) derived the exact solution for a perme-
able interface crack between two dissimilar magnetoelectroelastic
solids. Li and Kardomateas (2007) investigated the interface crack
problem of piezoelectromagneto-elastic anisotropic bimaterials
under in-plane deformation taking into account the electric-mag-
netic ﬁeld inside the interface crack. Feng et al. (2009) considered
the transient response problem of interface cracks between two
dissimilar magnetoelectroelastic layers. Li et al. (2009) analyzed
the magnetoelectroelastic ﬁeld induced by a crack terminating at
the interface of a bi-magnetoelectrical material. It should be
pointed out that the oscillating singularity on the crack tip (Wil-
liams, 1959; Rice, 1988) exists in all the above-mentioned interface
crack problems. More recently, in order to eliminate this kind of
oscillating singularity, the contact zone model (Comninou, 1977;
Atkinson, 1982; Dundurs and Gautesen, 1988) has been introduced
to interface crack problems of magnetoelectroelastic bimaterials
(Herrmann et al., 2010; Feng et al., 2011; Ma et al., 2012). Among
these achievements, Herrmann et al. (2010) ﬁrstly investigated the
fracture behaviors of the crack tips under uniformmagnetoelectro-
mechanical loads, where two kinds of magnetoelectrical boundary
conditions on crack faces, i.e., magnetoelectrically permeable,
magnetically impermeable and electrically permeable, were
adopted. Feng et al. (2011) assumed the crack faces to be subjected
to concentrated magnetoelectromechanical loads, analyzed the
corresponding fracture behaviors in detail for different
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results. Ma et al. (2012) adopted the magnetically permeable and
electrically impermeable crack surface condition, further revealed
the effects of uniformed magnetoelectromechanical loads on the
contact zone length, stress intensity factor and energy release rate.
On the other hand, although the crack problems of homoge-
neous magnetoelectroelastic materials under thermal load are
widely investigated (Gao et al., 2003c; Niraula and Wang, 2006;
Wang and Niraula, 2007; Chen, 2009b; Sladek et al., 2010), the re-
sults related to the corresponding interface crack problems of mag-
netoelectroelastic bimaterials are very limitted. To the best of our
knowledge, Gao and Noda (2004) presented an explicitly analytic
solution for a generalized 2D problem of an interface crack
between two dissimilar magnetoelectroelastic materials under
uniform thermal ﬂux, where the crack was assumed to be magne-
toelectrically permeable. It is worth mentioning that Zhu et al.
(2009) further investigated the mixed-mode stress intensity
factors of 3D interface crack in fully coupled thermomagnetoelec-
troelastic multiphase composites by using the extended hypersin-
gular intergro-differential equation (E-HIDE) method. Only
recently, Ma et al. (2011) discussed the fracture problem of a
half-inﬁnite interface crack between two dissimilar magnetoelec-
troelastic materials under thermal ﬂux and magnetoelectrome-
chanical loads, where the general condition for the transition
from a perfect thermal contact of two magnetoelectroelastic half-
planes to their separation was given. However, because of the
mathematical complexity, up till now, the problems of interface
crack with contact zone under loads have never been further
reported.
In this paper, therefore, we analyze the interface crack problem
under the action of thermomagnetoelectromechanical loads by
introducing the contact zone model, where the electrically imper-
meable and magnetically permeable crack surface condition is
adopted. After some complicated mathematics manipulations, an
exact analytical solution of the problem has been obtained, the
contact zone length, Mode-II stress intensity factor (IF) and energy
release rate (ERR) are all derived analytically, and the particular
case related to the classical interface crack model is considered.
Finally some typical numerical results are further presented to
show the effects of the applied thermomagnetoelectromechanical
loads on these important physical quantities. These obtained
results and/or conclusions could be of particular interest to the
analysis and design of smart sensors/actuators constructed from
magnetoelectroelastic composite laminates.
2. Basic relations for a magnetoelectroelastic solid
For a stationary process, in the absence of body forces and free
charges, the gorverning equations for a linear magnetoelectroelas-
tic material can be presented in the form (Gao and Noda, 2004)
PiJ;i ¼ 0 ð1Þ
qi;i ¼ 0 ð2Þ
where
PiJ ¼ EiJKlVK;l  biJT; ð3Þ
qi ¼ kijT ;j; ð4Þ
with
PiJ ¼
rij; J ¼ 1;2;3
Di; J ¼ 4
Bi; J ¼ 5
8><
>: ð5ÞVK ¼
uk; K ¼ 1;2;3
u; K ¼ 4
/; K ¼ 5
8><
>: ð6Þ
and
EiJKl ¼
cijkl; J;K ¼ 1;2;3
elij; J ¼ 1;2;3; K ¼ 4
eikl; J ¼ 4; K ¼ 1;2;3
flij; J ¼ 1;2;3; K ¼ 5
fikl; J ¼ 5; K ¼ 1;2;3
eil; J;K ¼ 4
gil; J ¼ 4; K ¼ 5; J ¼ 5; K ¼ 4
lil; J;K ¼ 5
8>>>>>>><
>>>>>>>:
ð7Þ
In Eqs. (3)–(7), uk, u, / and T are the elastic displacements, electric
potential, magnetic potential and temperature change, respectively;
rij, Di, Bi and q are the stresses, electric displacements, magnetic
inductions and thermal ﬂux, respectively; cijlm, eij , lij and kij are
the elastic tensors, dielectric and magnetic permeability tensors,
heat conduction coefﬁcients, respectively; eijk, fijk and gij are the pie-
zoelectric, piezomagnetic and magnetoelectric coefﬁcients, respec-
tively; biJ for J = 1, 2, 3 are the stress–temperature coefﬁcients,
and bi4 and bi5 are the pyroelectric and pyromagnetic constants,
respectively. A subscript comma denotes the partial differentiation
with respect to the coordinates (i.e., x1, x2, x3), and summation from
1 to 3 (1 to 5) over repeated lowercase (uppercase) subscripts is
assumed.
It should be pointed out that the following symmetry relations
in Eq. (7) hold true.
cijlm ¼ cjilm ¼ clmij; ekji ¼ ekij; f kji ¼ fkij; eij ¼ eji;
gij ¼ gji; lij ¼ lji ð8Þ
Assuming all ﬁelds are independent on the coordinate x2 and
using the method developed by Clements (1983) for thermoelastic
problems, one obtains the following general solution of Eq. (2) (see
also Gao and Noda, 2004; Herrmann and Loboda, 2003a; etc.)
T ¼ v0ðztÞ þ v0ðztÞ ð9Þ
qi ¼ ðki1 þ ski2Þv00ðztÞ  ðki1 þ ski2Þv00ðztÞ ð10Þ
where zt = x1 + sx3, the prime (0) denotes differentiation with respect
to the argument, the overbar stands for the complex conjugate, and
s is a root with a positive imaginary part of the equation
k33s2 þ ðk13 þ k31Þsþ k11 ¼ 0 ð11Þ
In the case of transversely isotropy and plane strain in the plane
(x1, x3), which has an essential practical signiﬁcance, a general solu-
tion of Eq. (1) by using the Lekhnitskii–Eshelby–Stroh representa-
tion and its application to magnetoelectroelastic materials can be
presented in the form (Gao and Noda, 2004)
V ¼ AfðzÞ þ cvðztÞ þ Af ðzÞ þ cvðztÞ ð12Þ
t ¼ Bf 0ðzÞ þ dv0ðztÞ þ Bf 0ðzÞ þ dv0ðztÞ ð13Þ
where
V ¼ ½u1;u3;u;/T ð14Þ
t  t3 ¼ ½r31;r33;D3;B3T ð15Þ
fðzÞ ¼ ½f1ðz1Þ; f2ðz2Þ; f3ðz3Þ; f4ðz4ÞT ð16Þ
A ¼ ½A1;A2;A3;A4T ð17Þ
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Fig. 1. An interface crack with a contact zone between two dissimilar semi-inﬁnite
magnetoelectroelastic materials under thermomagnetoelectromechanical loads.
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and pj (j = 1, 2, 3, 4) are, respectively, an eigenvector and an eigen-
value of the system
Q þ pjðR þ RTÞ þ p2j T
h i
Aj ¼ 0 ð18Þ
where Q, R, T can be expressed in contracted notation as follows:
Q ¼
c11 c15 e11 f11
c15 c55 e15 f15
e11 e15 e11 g11
f11 f15 g11 l11
2
6664
3
7775; R ¼
c15 c13 e31 f31
c55 c53 e35 f35
e15 e13 e13 g13
f15 f13 g13 l13
2
6664
3
7775
T ¼
c55 c53 e35 f35
c35 c33 e33 f33
e35 e33 e33 g33
f35 f33 g33 l33
2
6664
3
7775
ð19Þ
The vector c is deﬁned from the equation
½Q þ sðR þ RTÞ þ s2Tc ¼ N1 þ sN2 ð20Þ
with Nm ¼ ½bm1;bm3;bm4; bm5T ðm ¼ 1;2Þ, and the 4  4 matrix B
and the vector d can be found by the formulas
B ¼ RTAþ TAP; d ¼ ðRT þ sTÞc N2 ð21Þ
with P ¼ diag½p1;p2;p3; p4. Furthermore,
t1 ¼ ½r11; r13; D1; B1 T ¼ BPf 0ðzÞ  dsv0ðztÞ  BPf 0ðzÞ
 dsv0ðztÞ
ð22Þ
It is worth mentioning that v(zt) in Eqs. (9), (10), (12), and (13)
is an arbitrary analytic function which, if necessary, can be deter-
mined by using boundary conditions, and f(z) in Eqs. (12) and
(13) is an arbitrary analytic vector function with four components
which can be obtained by using boundary conditions as well.
3. Statement of the problem and solutions of the perturbed ﬁeld
to the applied thermal ﬂux
3.1. A magnetoelectroelastic bimaterial plane with an interface crack
A bimaterial composed of two dissimilar magnetoelectroelastic
semi-inﬁnite planes x3 > 0 and x3 < 0 with material properties de-
ﬁned by the following material constants Eð1ÞiJKl; k
ð1Þ
ij ; b
ð1Þ
iJ and
Eð2ÞiJKl; k
ð2Þ
ij ; b
ð2Þ
iJ , respectively, is considered (Fig. 1, with superscripts
‘‘(1)’’ and ‘‘(2)’’ denoting, respectively, the ﬁeld quantities in mate-
rials 1 and 2). We assume, that the component q3 of the thermal
ﬂux vector and the vector t are continuous across the whole bima-
terial interface, that the part L = (1,c)S (b,1) of the interface
1 < x1 <1, x3 = 0 is magnetoelectromechanically bounded, and
that the crack surfaces are extended traction-free for x1 e [c,a] = L1
whilst they should be in frictionless contact for x1 e (a,b) = L2
where the position of the point a is arbitrarily chosen for the time
being. Furthermore, we assume that the half-planes are loaded at
inﬁnity with uniform stresses rðmÞ33 ¼ r0;rðmÞ13 ¼ s0, uniform electri-
cal displacement DðmÞ3 ¼ d0 and uniform magnetic induction
BðmÞ3 ¼ b0. Besides, a uniform thermal ﬂux q0 in the x3-direction is
imposed at inﬁnity. In the meantime, we assume crack faces are
electrically impermeable and magnetically permeable. By the
way, taking into account that the inﬂuence of one contact zone
upon the other contact zone is negligibly small (Dundurs and
Gautesen, 1988; Kharun and Loboda, 2003), in the present study
only the right contact zone is considered. Certainly, if the load
causes a longer contact zone at the left crack tip, then it can betaken into account by a simple transposition of the half-planes
(Herrmann et al., 2010).
The solution of the obtained problem can be constructed as the
sum of two parts—a state of uniform magnetoelectromechanical
loads ðr0; s0; d0; b0Þ and thermal ﬂux q0, and a perturbed state
caused by the interface crack with a contact zone. Because the
homogeneous ﬁelds including magnetoelectromechanical ﬁeld
and temperature ﬁeld are out of our interest and the perturbed
ﬁeld induced by the interfacial crack to ðr0; s0; d0; b0Þ has been ana-
lyzed in detail before (Ma et al., 2012) we are now paying main
attention on the perturbed state induced by the interface crack
to the thermal ﬂux q0. For this case, the continuity and boundary
conditions at the interface can be written in the following form:
½T ¼ 0; ½q3 ¼ 0 x1 2 L [ L2 ð23aÞ
q3 ¼ q0; x1 2 L1 ð23bÞ
½Vðx1Þ ¼ 0; ½tðx1Þ ¼ 0 x1 2 L ð24aÞ
rð1Þ33 ðx1;0Þ¼rð2Þ33 ðx1;0Þ¼0; rð1Þ13 ðx1;0Þ¼ rð2Þ13 ðx1;0Þ¼0
Dð1Þ3 ðx1;0Þ¼Dð2Þ3 ðx1;0Þ¼0; ½B3ðx1Þ ¼0; ½/ðx1Þ ¼0
x1 2 L1
ð24bÞ
½u3ðx1Þ ¼0; ½uðx1Þ ¼0; ½/ðx1Þ ¼0; rðmÞ13 ðx1;0Þ¼0
½r33ðx1Þ ¼0; ½D3ðx1Þ ¼0; ½B3ðx1Þ ¼0
x1 2 L2
ð24cÞ
where
½!ðx1Þ ¼ !þðx1;0Þ !ðx1;0Þ; ! ¼ T;u3;r33;u;/;D3;B3 ð25Þ
In Eq. (25), the signs ‘‘+’’ and ‘‘’’ denote the upper and lower
parts of the interface. Certainly, the corresponding boundary con-
ditions at inﬁnity should also be satisﬁed.
3.2. The thermal solution of the perturbed ﬁeld to the thermal ﬂux
Introducing auxiliary functions (Herrmann and Loboda, 2003a),
hðztÞ ¼
ð1þ kð1Þ=kð2ÞÞv1ðztÞ x3 > 0
ð1þ kð2Þ=kð1ÞÞv2ðztÞ x3 < 0
(
ð26Þ
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ﬃﬃﬃﬃﬃﬃﬃ
1
p
; j ¼ 1;2Þ, k(1), v1(zt) and k (2),
v2(zt), respectively, being related to the upper and lower half-planes,
one can obtain
qð1Þ3 ðx1;0Þ ¼ ik0½h00þðx1Þ þ h00ðx1Þ ð27Þ
where
k0 ¼ k
ð1Þkð2Þ
kð1Þ þ kð2Þ
ð28Þ
It should be pointed out that in the process of deriving Eq. (27),
the boundary condition q3ðx1; x3Þjx3!1 ¼ 0 has been used.
Substituting Eq. (27) into Eq. (23b) yields the following
equation
h00 þ ðx1Þ þ h00  ðx1Þ ¼  iq0k0 x1 2 L1 ð29Þ
The solution of Eq. (29) disappearing at inﬁnity can be pre-
sented in the form
h00ðzÞ ¼ iq0
2k0
z c þ a
2
  1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðz cÞðz aÞp  1
" #
ð30Þ
which gives after integration the following expression
h0ðzÞ ¼ iq0
2k0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðz cÞðz aÞ
p
 ~z
h i
ð31Þ
where ~z ¼ z c0, z = x1 + ix3 and the integration constant c0 = (c + a)/
2 is introduced to satisfy the condition h0ðzÞjz!1 ¼ 0. Thus, the tem-
perature jump across the material interface for x1 e L1 and the ther-
mal ﬂux for x1 > a can be presented in the following form:
½Tðx1Þ ¼ q0k0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx1  cÞða x1Þ
p
ð32aÞ
qð1Þ3 ðx1;0Þ ¼ q0
x1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðx1  cÞðx1  aÞp  1
 !
ð32bÞ
Eq. (32) completely deﬁnes the temperature jump and the ther-
mal ﬂux in the bimaterial system for any position of point a. Eq.
(32) also reveals that the temperature jump across the interface
crack depends on not only the thermal ﬂux applied at inﬁnity
but also the related material properties, and that the thermal ﬂux,
however, is independent of material constants. In addition, Eq.
(32b) implies thermal ﬂux has a square root singularity. All these
phenomena are in fact similar to the ones observed before for
piezoelectric bimaterial interface crack problems (Herrmann and
Loboda, 2003a)
3.3. The magnetoelectroelastic solution of the perturbed ﬁeld to the
thermal ﬂux
Carrying out a derivation similar to the one by Herrmann and
Loboda (2003a), the following expressions at the interface are ob-
tained from Eqs. (12), (13) and (24)
½V0ðx1Þ ¼Wþðx1Þ Wðx1Þ ð33Þ
tð1Þðx1;0Þ ¼ GWþðx1Þ  GWðx1Þ  gðx1Þ ð34Þ
where WðzÞ ¼ ½W1ðzÞ;W3ðzÞ;W4ðzÞ;W5ðzÞT is an introduced un-
known vector function, and
Wþðx1Þ ¼Wðx1 þ i0Þ; Wðx1Þ ¼Wðx1  i0Þ ð35Þ
gðx1Þ ¼ hh0þðx1Þ  hh0ðx1Þ ð36Þ
G ¼ Bð1ÞD1 ð37Þwith
D ¼ Að1Þ  LBð1Þ ð38Þ
h ¼ 1
kð1Þ þ kð2Þ
fGðLd  cÞ  kð2Þdð1Þg ð39Þ
and
L¼ Að2Þ ðBð2ÞÞ1; c ¼ kð2Þcð1Þ þkð1Þcð2Þ; d ¼ kð2Þdð1Þ þkð1Þdð2Þ ð40Þ
As pointed out before (Feng et al., 2011), the matrix G and the
vectorW(z) are related to the matrix H
...
(or N
...
) and the vector func-
tion x
... ðzÞ (or U0
...
ðzÞ) of the paper of Gao and Noda (2004) (or of the
paper of Li and Kardomateas (2007)) as iG1H
...
¼ N
...
1,
WðzÞix0
...
ðzÞ ¼ U0
...
ðzÞ, respectively, where all the quantities with the
sign ‘‘. . .’’ denote the corresponding quantities in the papers of
Gao and Noda (2004) and Li and Kardomateas (2007). Furthermore,
the matrix G in Eq. (34) has the following form:
G ¼
ig11 g13 g14 g15
g31 ig33 ig34 ig35
g41 ig43 ig44 ig45
g51 ig53 ig54 ig55
2
6664
3
7775 ð41Þ
where ImðgijÞ ¼ 0 ði; j ¼ 1;3;4;5Þ, and g31 = g13g43 = g34, g41 = g14,
g51 = g15, g53 = g35, g45 = g54. Also, as discussed by Herrmann and
Loboda (2003a) for piezoelectric interface crack problems, one gets
h ¼ ½ i#1; #3; #4; #5 T ð42Þ
where 0i(i = 1, 3, 4, 5) are all real.
Introducing a line matrix S ¼ ½S1; S3; S4 and considering a prod-
uct St^ð1Þðx1;0Þwith t^ð1Þðx1;0Þ ¼ ½rð1Þ31 ðx1;0Þ; r
ð1Þ
33 ðx1;0Þ;Dð1Þ3 ðx1; 0ÞT,
the following relations can be obtained by using Eqs. (33) and (34)
rð1Þ33 ðx1;0Þ þmj4Dð1Þ3 ðx1;0Þ þ imj1rð1Þ13 ðx1;0Þ
¼ Fþj ðx1Þ þ cjFj ðx1Þ  g0jðx1Þ ð43Þ
nj1½u01ðx1Þ þ inj3½u03ðx1Þ þ inj4½u0ðx1Þ ¼ Fþj ðx1Þ  Fj ðx1Þ ð44Þ
where
FjðzÞ ¼ nj1W1ðzÞ þ i½nj3W3ðzÞ þ nj4W4ðzÞ ð45Þ
g0jðzÞ ¼ g3ðzÞ þ imj1g1ðzÞ þmj4g4ðzÞ ð46Þ
mj4 = Sj4, mj1 = iSj1, nj1 = Yj1, nj3 = iYj3, nj4 = iYj4. Moreover
Yj ¼ SjG^. cj and STj ¼ ½ Sj1; Sj3; Sj4  ðj ¼ 1;3;4Þ are, respectively,
the eigenvalues and eigenvectors of the matrix ðcG^T þ ^GTÞ with
G^ ¼
ig11 g13 g14
g31 ig33 ig34
g41 ig43 ig44
2
4
3
5.
It should be pointed out that because the considered crack is
magnetically permeable, we have [u(x1)] = 0 for x1 e (1, +1),
i.e., Wþ5 ðx1Þ W5 ðx1Þ ¼ 0 for x1 e (1, +1). Thus, the function
W5(z) is analytic in the whole plane and W5(z)  const (see
Herrmann et al., 2010). Besides, as mentioned before (also see
Herrmann and Loboda, 2003a), the condition h0ðzÞjz!1 ¼ 0 should
be satisﬁed. Thus, it is easily seen from Eq. (36) that
gðx1Þjx1!1 ¼ 0. Therefore, it can be further obtained from Eq. (34)
that Wðx1Þjx1!1 ¼ ðG GÞ
1tð1Þðx1;0Þjx1!1 ¼ ðG GÞ
1t1 with t1
denoting the extended stress at inﬁnity. On the other hand, noting
that for the present perturbed solution induced by the interface
crack to the thermal ﬂux q0, t1 = 0, we ﬁnally have W5  0 in pres-
ent section.
In addition, as explained in Herrmann et al. (2010), mji, nji (j,
i = 1, 3, 4) are all real, and the properties of the roots of the
equation ðcG^T þ ^GTÞ ¼ 0 can be presented as c3 ¼ c11 ; c4 ¼ 1.
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turbed thermal state disappear for large z, the conditions at inﬁnity
for the functions Fj(z) used in Eqs. (43) and (44) can be written as
follows:
FjðzÞjz!1 ¼ 0 ð47Þ
Satisfying the boundary conditions (24b) by means of Eq. (43)
gives
Fþj ðx1Þ þ cjFj ðx1Þ ¼ g0jðx1Þ j ¼ 1;3;4 x1 2 L1 ð48Þ
Noting the fact thatm41 = 0, n41 = 0 and satisfying the ﬁrst three
of the boundary conditions (24c) yield from Eqs. (43) and (44)
ImFj ðx1Þ ¼
1
1þ cj
Imfg0jðx1Þg j ¼ 1;3 x1 2 L2 ð49Þ
Fþ4 ðx1Þ  F4 ðx1Þ ¼ 0 x1 2 L2 ð50Þ
Taking into account that the problem (48) and (49) for j = 3 is
same as the one for j = 1, thus, in this paper we only consider
Eqs. (48) and (49) for j = 1. Using Eq. (36) one gets from Eqs. (48)
and (49)
Fþ1 ðx1Þ þ c1F1 ðx1Þ ¼
q0
k0
u1ðx1Þ x1 2 L1 ð51Þ
ImF1 ðx1Þ ¼
q0
k0
u2ðx1Þ x1 2 L2 ð52Þ
where
u1ðx1Þ ¼ im11#1~x1 þ ið#3 þm14#4Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx1  cÞðx1  aÞ
p
ð53Þ
u2ðx1Þ ¼
m11#1
1þ c1
~x1 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx1  cÞðx1  aÞ
ph i
ð54Þ
and ~x1 ¼ x1  c0.
Eqs. (51) and (52) represent an inhomogeneous combined
Dirichlet-Riemann boundary value problem for the sectionally
holomorphic function F1(z). Eq. (47) for j = 1 can be used as a
condition at inﬁnity for this problem.
Using Eq. (48) for j = 4 as well as Eqs. (31) and (50) one arrives at
Hilbert problem for the function F4(z) .
Fþ4 ðx1Þ þ F4 ðx1Þ ¼
q0
k0
u3ðx1Þ x1 2 L1 ð55Þ
where
u3ðx1Þ ¼ ið#3 þm44#4Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx1  cÞðx1  aÞ
p
ð56Þ
It is worth mentioning that F4(z) is analytic in the whole plane
with a cut along L1 only, and that Eq. (47) for j = 4 can also be used
as a condition at inﬁnity for determining F4(z) .
Extending the method developed by Herrmann and Loboda
(2003a, 2003b), the solution of the inhomogeneous combined
Dirichlet-Riemann problem can be derived as
F1ðzÞ ¼ q0k10 RX1ðzÞ þ q0k10 X2ðzÞ½x1ðzÞ þx2ðzÞ ð57Þ
where
X1ðzÞ¼ iei~uðzÞ=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðzcÞðzbÞ
q
; X2ðzÞ¼ ei ~uðzÞ=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðzcÞðzaÞ
p
ð58aÞ
R ¼ g1 þ g3
p
Z b
a
ðt  cÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t  a
b t
r
coshu0ðtÞdt þ R0 ð58bÞ
x1ðzÞ ¼ 12pi
Z a
c
u1ðtÞdt
Xþ2 ðtÞðt  zÞ
ð58cÞx2ðzÞ ¼ g1 þ g3p YðzÞ
Z b
a
ðt cÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t a
b t
r
coshu0ðtÞdtþ ifd1z2
þ d2zþ d3  YðzÞ½d1ðzþ c0Þ þ d2g
þ g1
p
Z b
a
~t
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðt cÞðt aÞp  ðt cÞðt aÞ
t z sinhu0ðtÞdt ð58dÞ
with
~uðzÞ ¼ 2e ln
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðb aÞðz cÞ
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
lðz aÞp þ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃða cÞðz bÞp ð59aÞ
u0ðx1Þ ¼ 2e tan1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ða cÞðb x1Þ
ðb cÞðx1  aÞ
s
ð59bÞ
R0 ¼ ðbþ aÞ
2
4
þ ðb aÞ
2
8
" #
d1 þ bþ a2 d2 þ d3 ð59cÞ
YðzÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðz aÞðz bÞ
q
ð59dÞ
e ¼ ln c1=2p; ~t ¼ t  c0 ð59eÞ
g1 ¼ m11#1=ðc1 þ 1Þ; g3 ¼ ð#3 þm14#4Þ=ðc1  1Þ ð59fÞ
d1¼ðg1þg3Þcosb; d2¼ðg1þg3Þ½b1 sinbþðaþcÞcosb ð59gÞ
d3 ¼ ðg1 þ g3Þ
b21
2
 ac
 !
cosbþ b1
b 3a 2c
4
sin b
( )
 g3
ða cÞ2
8
cosb ð59hÞ
and
b ¼ 2e ln
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b a
p
ﬃ
l
p
þ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃða cÞp ; b1 ¼ e
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ða cÞðb cÞ
q
; l ¼ b c ð59iÞ
And the solution F4(z) of the Hilbert problem (55) satisfying the
required condition at inﬁnity can be expressed as:
F4ðzÞ¼ q02pk0 ð#3þm44#4Þ
ða cÞ~zﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðz cÞðzaÞp þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðz cÞðzaÞ
p
ln
za
z c
" #
ð60Þ
Using the solutions (57) and (60) and Eq. (43), the normal stress
and the electrical displacement at the interface can be found from
the following system:
rð1Þ33 ðx1;0Þþm14Dð1Þ3 ðx1;0Þ¼RefFþ1 ðx1Þþc1F1 ðx1Þq0k10 u1ðx1Þg ð61aÞ
rð1Þ33 ðx1;0Þ þm44Dð1Þ3 ðx1;0Þ ¼ Fþ4 ðx1Þ þ F4 ðx1Þ  q0k10 u3ðx1Þ ð61bÞ
the shear stress is deﬁned by the formula
rð1Þ13 ðx1;0Þ ¼ m111 ImfFþ1 ðx1Þ þ c1F1 ðx1Þ  q0k10 u1ðx1Þg ð62Þ
Moreover, by means of Eqs. (44), (57), and (60), the normal dis-
placement and electrical potential jumps at the interface can be
found from the following system:
n13½u03ðx1Þ þ n14½u0ðx1Þ ¼ ImfFþ1 ðx1Þ  F1 ðx1Þg ð63aÞ
n43½u03ðx1Þ þ n44½u0ðx1Þ ¼ ImfFþ4 ðx1Þ  F4 ðx1Þg ð63bÞ
and the transversal displacement jump can be given by:
½u01ðx1Þ ¼ n111 RefFþ1 ðx1Þ  F1 ðx1Þg ð64Þ
Thus, by means of Eqs. (63)–(66) all the required components of
the perturbed stress-strain state can be ﬁnally obtained at any
point of the material interface. It should be noted that in the
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for a small contact zone length denoted by k ¼ bal , the solution
can be further simpliﬁed.
Presenting x1(z) in Eq. (58c) in the form
x1ðzÞ ¼ e
ib
2pi
Z a
c
u1ðtÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðt  cÞðt  aÞp ei½b~uðtÞ
t  z dt ð65Þ
and taking into account that for a small k an approximation
b ~uðtÞ  e lnðtatcÞ is valid (Herrmann and Loboda, 2001), the inte-
gral in Eq. (58c) can be approximately evaluated and presented in
the form
x1ðzÞ  ~x1ðzÞ ¼ ieibg1 
~z
XðzÞ þ ½d11z
2 þ d12zþ d13
 
þ ieibg3 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðz cÞðz aÞp
XðzÞ þ ½d21z
2 þ d22zþ d23
( )
ð66Þ
where
XðzÞ ¼ ðz cÞ1=2þieðz aÞ1=2ie ð67Þ
d11 ¼ d21 ¼ 1; d12 ¼ d22 ¼ ieða cÞ  ðaþ cÞ ð68aÞ
d13 ¼ 0:25ðaþ cÞ2  0:125ða cÞ2ð1þ 4e2Þ þ 0:5ieða2  c2Þ ð68bÞ
d23 ¼ d13  0:125ða cÞ2 ð68cÞ
By neglecting the integrals in Eqs. (58b) and (58d) (Herrmann
and Loboda, 2003b) the following formula for ~F1ðzÞ  F1ðzÞ can be
further obtained.
~F1ðzÞ ¼ q0k10 R0X1 þ q0k10 X2ðzÞ½ ~x1ðzÞ þ ~x2ðzÞ ð69Þ
where
~x2ðzÞ  x2ðzÞ ¼ ifd1z2 þ d2zþ d3  YðzÞ½d1ðzþ c0Þ þ d2g ð70Þ
The stresses and the electrical displacements as well as the
derivatives of the normal displacement and the electrical potential
jumps at the interface can be found from Eqs. (61)–(64) in which
~F1 ðx1Þ instead of F1 ðx1Þ should be taken. All formulas in this case
appear to be extremely simple and according to the numerical ver-
iﬁcation they can be used not only for very small but also for mod-
erate values of k.
4. Fracture parameters at the singular points
For the present crack model, the shear stress is not singular at
x1? a + 0 (in fact, rð1Þ13 ðx1;0Þ ¼ rð2Þ13 ðx1;0Þ ¼ 0 as x1 e L1 + L2 = [c, b)).
Thus, the Mode-I and Mode-II stress and electrical displacement IFs
are deﬁned as follows (Herrmann and Loboda, 2003a; Feng et al.,
2011):
K1 ¼ lim
x1!aþ0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pðx1  aÞ
p
rð1Þ33 ðx1; 0Þ ð71aÞ
K2 ¼ lim
x1!bþ0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pðx1  bÞ
q
rð1Þ13 ðx1;0Þ ð71bÞ
K4 ¼ lim
x1!aþ0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pðx1  aÞ
p
Dð1Þ3 ðx1; 0Þ ð71cÞ
It is remarked that the singularities of all kinds of ﬁeld inten-
sity factors at singular points are, respectively, discussed by
Herrmann and Loboda (2003a) for piezoelectric bimaterial
problems and by Feng et al. (2011) for magnetoelectroelastic
bimaterial problems. Using the exact formulas (61), (57) and
(60), one gets:K1 þm14K4 ¼ q0k0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
pða cÞ
s
I0 ð72aÞ
K1 þm44K4 ¼ q0k0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a c
2p
r
ða cÞð#3 þm44#4Þ ð72bÞ
K2 ¼ ð1þ c1Þ
q0
m11k0
ﬃﬃﬃﬃﬃﬃ
2p
l
r
R ð72cÞ
where
I0 ¼
Z a
c
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
tc
a t
r
m11#1~tsinuðtÞþð#3þm14#4Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðt cÞða tÞ
p
cosuðtÞ
h i
dt
2g1
ﬃﬃﬃﬃﬃ
c1
p Z b
a
ðt cÞ~t
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t c
ta
r" #
sinhu0ðtÞdt ð73Þ
with
uðtÞ ¼ 2e ln
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðb aÞðt  cÞ
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
lða tÞ
p
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ða cÞðb tÞ
p ð74Þ
It is obvious that the IFs K1 and K4 can be found from Eqs. (72a)
and (72b). In addition, the quantity I0 depends on the integrals
which can be obtained only by numerical calculation.
An evaluation of the right hand sides of Eqs. (63) and (64) leads
to the following asymptotic expressions:
n13f½u03ðx1Þ þ n14½u0ðx1Þgjx1!a0 ¼ 
ﬃﬃﬃﬃﬃ
a
c1
r
K1 þm14K4ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pða x1Þ
p ð75aÞ
fn43½u03ðx1Þ þ n44½u0ðx1Þgjx1!a0 ¼ 
K1 þm44K4ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pða x1Þ
p ð75bÞ
½u01ðx1Þjx1!b0 ¼ 
H22K2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pðb x1Þ
p ð76Þ
where a = (c1 + 1)2/(4c1) and H22 = 2m11/n11(c1 + 1). The solution
of Eq. (75) gives:
½u03ðx1;0Þjx1!a0 ¼ 
H11K1 þH14K4ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pða x1Þ
p ð77Þ
½u0ðx1;0Þjx1!a0 ¼ 
H41K1 þH44K4ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pða x1Þ
p ð78Þ
where
H11 ¼ ðn44
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a=c1
q
 n14Þ=Dn;
H14 ¼ ðm14n44
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a=c1
q
m14n14Þ=Dn ð79aÞ
H41 ¼ ðn13  n43
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a=c1
q
Þ=Dn;
H44 ¼ ðm44n13 m14n43
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a=c1
q
Þ=Dn ð79bÞ
Dn ¼ n13n44  n43n14 ð79cÞ
As pointed out before, for the crack problems under purely
megnetoelectromechanical loads, the fracture parameters have
been investigated in detail (Ma et al., 2012). For convenience, the
expressions of both the corresponding IFs and ERRs are listed in
Appendix A. It is worthy to note that the asymptotic expressions
of Eqs. (77) and (78) completely coincide with the associated
expressions for the case under purely megnetoelectromechanical
loads. Therefore, the ERRs under thermal load deﬁned for the
points x1 = a and x1 = b, respectively, have also the same forms as
the ones given before for the cese under magnetoelectromechani-
cal loads, i.e.:
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2
1 þH44K24 þ ðH14 þH41ÞK1K4
4
ð80aÞ
G2 ¼ H22K
2
2
4
ð80bÞ
G ¼ G1 þ G2 ð81Þ
For a small k, the use of the function ~F1 ðx1Þ instead of F1 ðx1Þ in
Eqs. (61) and (62) gives the approximate expressions for the IFs as
follows:
ﬃﬃﬃ
a
p ðK1 þm14K4Þ  im11K2 
ﬃﬃﬃ
a
p ð~K1 þm14 ~K4Þ  im11 ~K2
¼ q0
k0
ﬃﬃﬃ
a
p
T1ðkÞ ð82Þ
where
T1ðkÞ ¼ i l
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
plc1
p
2
ﬃﬃﬃ
2
p eib½ð1þ 2ieÞ2ðg1 þ g3Þ  g3 ð83Þ
Setting a  c = l, one further gets from Eqs. (72b) and (82)
(Herrmann and Loboda, 2003b)
~K1 ¼ ðm44 m14Þ1 q0k0 fm44Re½T1ðkÞ m14T2g ð84aÞ
~K2 ¼  q0
ﬃﬃﬃ
a
p
k0m11
Im½T1ðkÞ ð84bÞ
~K4 ¼ ðm44 m14Þ1 q0k0 fRe½T1ðkÞ þ T2g ð84cÞ
where T2 ¼ l3=2ð#3 þm44#4Þ=
ﬃﬃﬃﬃﬃﬃ
2p
p
. It should be pointed out that for a
small value of k Eqs. (76)–(78) remain valid by using Kj instead of
~Kj ðj ¼ 1;2;4Þ in their right-hand sides.
For purely magnetoelectromechanical loads, the IFs for a small k
are deﬁned by the following relations (Ma et al., 2012):
ﬃﬃﬃ
a
p ð~KðmemÞ1 þm14 ~KðmemÞ4 Þ  im11 ~KðmemÞ2
¼
ﬃﬃﬃﬃﬃ
pl
2
r
eibð1þ 2ieÞðr0 þm14d0  im11s0Þ ð85aÞ
~KðmemÞ1 þm44 ~KðmemÞ4 ¼
ﬃﬃﬃﬃﬃ
pl
2
r
ðr0 þm44d0Þ ð85bÞ
Therefore, for a combination of magnetoelectromechanical load
and thermal load, the IFs should be a sum of the correspondent IFs
(84) and (85). In addition, it should be pointed out that in general,
the contact zone length is extremely small, thus, Eqs. (84) and (85)
play an important role in the analysis of the real situations of inter-
face crack with contact zone.
5. Real contact zone determination
The solution of the interface crack problem obtained in the pre-
vious chapter is mathematically correct for any position of the
point x1 = a. But for an arbitrary value of a this solution is not al-
ways physically admissible, and therefore, the necessary additional
conditions are required for the physical correctness, and they read
as follows:
rð1Þ33 ðx1;0Þ 6 0 x1 2 L2 ð86aÞ
½u3ðx1;0ÞP 0 x1 2 L1 ð86bÞ
An analytical analysis and numerical veriﬁcations show that
these inequalities hold true if a is taken from the segment [a1, a2]
providing a1 6 a2, wherea1 ¼ b k1l; a2 ¼ b k2l ð87Þ
and k1 is the maximum root taken from the interval (0,1) of the
equation
K1 þ KðmemÞ1 ¼ 0 ð88Þ
k2
is the similar root of the equationﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a x1
p f½u03ðx1;0Þ þ ½u03ðx1;0ÞðmemÞg ¼ 0 ð89Þ
It is remarked that Eq. (88) implies that the singularity in the
normal stress at x1 = a is deleted.
For arbitrary values of k1 and k2 these equations can be analyt-
ically formulated by means of Eqs. (72a), (72b) and (77), and the
associated formulas under purely magnetoelectromechanical loads
(see Appendix A). And for small values of k1 and k2, by use of Eqs.
(77), (84a) and (85), Eqs. (88) and (89) can be respectively rewrit-
ten as follows:
Re eibð1þ 2ieÞ 1þm14d0=r0  im11j 1þ c14 kqiðj3 þ 2iej4Þ
  
¼ ﬃﬃﬃap m14m144v3
ð90aÞ
Re eibð1þ 2ieÞ 1þm14d0=r0  im11j 1þ c14 kqiðj3 þ 2iej4Þ
  
¼ ﬃﬃﬃﬃﬃc1p n14n144v3
ð90bÞ
where
j ¼ s0
r0
; j3 ¼ j1  4e
2
1þ 4e2 j2 ;j4 ¼ j1 
2þ 4e2
1þ 4e2 j2 ð91aÞ
kq ¼ b11lq0=k33r0 ð91bÞ
v3 ¼ 1þm44
d0
r0
þ #3 þm44#4
pr0k0
lq0 ð91cÞ
with
j1 ¼ m11#1k0ð1þ c1Þ
;j2 ¼ #3 þm14#4k0ð1 c1Þ
ð92Þ
Recollecting that b ¼ e ln½ð1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 k
p
Þð1þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 k
p
Þ1 while the
other components of Eq. (90) are independent of k, the exact ana-
lytical solutions of Eq. (90) can be presented in the following form:
ki  ~ki ¼ 4expðgi=eÞ i ¼ 1;2 ð93Þ
where
gi ¼ ð1Þn sin1
v1 þ 2ev2
D
	 

 sin1 fi
 
þ pn i ¼ 1;2 ð94Þ
v1 ¼ 1þm14
d0
r0
þ 1þ c1
2
kqej4; v2 ¼ km11 þ
1þ c1
4
kqj3 ð95aÞ
f1 ¼
ﬃﬃﬃ
a
p
m14
Dm44
v3; f2 ¼
ﬃﬃﬃﬃﬃc1p n14
Dn44
v3 ð95bÞ
D2 ¼ ð1þ 4e2Þðv21 þ v22Þ ð95cÞ
and n should be taken to choose the maximum root of Eq. (90) from
the interval (0,1).
It is worthy to note that for a ﬁxed i, Eq. (90) is appropriate for
small values of ki (approximately for ki < 0:01). However, if the val-
ues of ~k1 and ~k2 are of essential magnitude, the numerical solutions
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tudes of k1 or k2 have to be obtained by a more complex calculation
procedure.
In addition, as pointed out for piezoelectric bimaterial interface
crack problems (Herrmann and Loboda, 2003b), the real position of
the point x1 = a should be uniquely deﬁned by the inequalities (83).
However, for the case considered here, as displayed later (e.g., in
Figs. 2 and 5 in Section 7), a set of positions a e [a1, a2] providing
a1 6 a2 satisfy the inequalities (86). For convenience, this set can
be deﬁned as following
Xa ¼ ½aP a1 \ a 6 a2 ð96Þ
Obviously, the most interesting situation is connected with
Xa – ;, and it is clear that for any of such cases a unique contact
zone deﬁned by a real position of the point x1 = a should exist. Tak-
ing into account that for a thermal load the signs of Hi,j(i, j = 1, 4)-
remain the same as the ones for purely magnetoelectromechanical
loads, the real position of point x1 = a under applied thermomagne-
toelectromechanical loads should coincide with a1 as well provided
Xa – ; holds true.
6. The classical models
For the sake of completeness, the main results for the classical
interface crack model (i.e., b = a, L2 =£) will be obtained by a sim-
ple degeneration procedure. In this case, a perturbed thermal state
is deﬁned by Eqs. (51) and (55) with the condition at inﬁnity (47)
providing the absence of magnetoelectromechanical loads. The
solution (60) of the problem (55) and (47) remains valid here while
the solution of the Hilbert problem (51) and (47) obtained in the
same way can be written in the form
F1ðzÞ ¼ i#1q0k0ð1þ c1Þ
f~z XðzÞ½d11z2 þ d12zþ d13g þ ið#3 þm14#4Þq0k0ð1 c1Þ
 XðzÞ
2pi
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðz cÞðz aÞ
p
 XðzÞ½d21z2 þ d22zþ d23
n o
ð97Þ
Thus, all the required characteristics at the interface can be
found by means of Eqs. (97) and (60) by using Eqs. (43) and (44).
Particularly, for x1 > a, the following presentation is valid:0 10 20 30 40 50 60 70 80 90 100
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¼ i#1 q0k0 f
~x1Xðx1Þ½d11x21þd12x1þd13gþ ið#3þm14#4Þ
q0
k0
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ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx1 cÞðx1aÞ
p
Xðx1Þ½d21x21þd22x1þd23
n o
q0
k0
u1ðx1Þ ð98Þ
From Eqs. (91b) and (98) the stresses and electrical displace-
ment at the interface can be found. By introducing the IFs from
the formula:
ðk1þm14k4Þ im11k2¼ðx1aÞie
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pðx1aÞ
p
½rð1Þ33 ðx1;0Þ
þm14Dð1Þ3 ðx1;0Þ im11rð1Þ13 ðx1;0Þx!aþ0 ð99Þ
and by using Eq. (98), one ﬁnally gets
ðk1þm14k4Þ im11k2 ¼iðc1þ1Þ
q0
k0
l
ﬃﬃﬃﬃﬃ
pl
p
4
ﬃﬃﬃ
2
p eiw½ð1þ2ieÞ2ðg1þg3Þg3 ð100Þ
with w = e ln l. From the last equation and Eq. (72b) (by changing K1
and K4 for k1 and k4, respectively), all the corresponding IFs for the
classical crack model can be found. Using the expressions (97) and
(100), the following asymptotic expression valid for x1? a – 0 can
be obtained from Eq. (44) for j = 1
n11½u01ðx1Þ þ ifn13½u03ðx1Þ þ n14½u0ðx1Þg
¼ 2i
1 2ie
ﬃﬃﬃﬃﬃﬃ
2a
p
r
½ðk1 þm14k4Þ þ im11k2ða x1Þ0:5ie ð101Þ
Combining Eq. (101) with the following expression:
fn43½u03ðx1Þ þ n44½u0ðx1Þgjx1!a0 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ða x1Þ
p
r
ðk1 þm14k4Þ ð102Þ
obtained by integration of (75b) (where K1 and K4 are replaced by k1
and k4, respectively), the displacement and electrical potential
jumps at the crack tip can be found. It is worth mentioning that
the formulas (98)–(102) have the same forms as the ones of (74),
(75a), (75b), (76)–(78) displayed by Herrmann and Loboda
(2003b) for piezoelectric interface crack problem.
Finally, It is worthy to point out that as a necessary additional
condition (Ma et al, 2011), the direction of the thermal ﬂux q0
should be chosen to be negative since for the magnetoelectroelas-
tic materials considered here, the value of (g3303 + g1301))/g11 is
negative (Ma et al., 2011).
7. Numerical results and discussions
In this section, some typical numerical calculations are carried
out. In all our numerical procedures, without loss of generality,
r0 is taken as 4.2  106 N/m2, kD ¼ d0eð1Þ33 =ðr0eð1Þ11 Þ and kq ¼
b11lq0=k33r0 are loading combination parameters introduced to
reﬂect the load relations between the applied electrical and
mechanical loads and between the applied thermal and mechani-
cal loads, respectively. Most of the corresponding material proper-
ties including elastic, dielectric, magnetic permeability constants
and piezoelectric, piezomagnetic, magnetoelectric coefﬁcients are
taken from Sih et al. (2003) and Herrmann et al. (2010). The
stress–temperature coefﬁcients, pyroelectric and pyromagnetic
constants, heat conduction coefﬁcients are taken from Hou et al.
(2009). For convenience, the material constants of them are simul-
taneously listed in Table 1. Numerical results are plotted in Figs. 2–
8 and Tables 2 and 3, where K0 ¼ r0
ﬃ
l
p
and G0 ¼ 14K20.
In Fig. 2, the calculated contact zone length k1 and k2 with re-
spect to the applied thermal load kq are respectively displayed
for different shear-normal load coefﬁcients j as kD ¼ 0. Because
the values of k are usually extremely small, the logarithmic scale
is used here. Fig. 2 shows that for the considered magnetoelectro-
elastic bimaterials, k1 is indeed larger than k2. Thus, the real rela-
tive contact zone length k0 should be given by k0 ¼ k1 (Herrmann
Table 1
Material property (Sih et al., 2003; Herrmann et al., 2010; Hou et al., 2009).
Material constants Material 1 Material 2 Material constants Material 1 Material 2
c11(GPa) 274 178.0 f33ðN=A 	mÞ 629.7 69.97
c13(GPa) 161 87.2 f15ðN=A 	mÞ 495.0 55.00
c33(GPa) 259 172.8 l11ð106N 	 s2=C2Þ 531.5 63.5
c44(GPa) 45 43.2 l33ð106N 	 s2=C2Þ 142.3 24.7
e31(C/m2) 4.4 3.96 b11ð105N=Km2Þ 6.21 4.738
e33(C/m2) 1.86 16.74 b33ð105N=Km2Þ 5.51 4.529
e15(C/m2) 1.16 10.44 b34ð106C=NÞ 2.94 25.0
e11(1010C2/N 	m2) 11.9 100.9 b35ð106N=AmKÞ 5.187 5.187
e33(1010C2/ N 	m2) 13.4 113.5 k11ðW=KmÞ 9 1.2
f31ðN=A 	mÞ 522.3 58.03 k33ðW=KmÞ 9 1.5
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Fig. 3. Normalized Mode-II SIFs ðK2 þ KðmemÞ2 Þ=K0 (at x1 = b + 0) versus the normal-
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Fig. 4. Normalized total energy release rate (G + G(mem))/G0 versus the normalized
applied thermal load kq for different shear-normal load coefﬁcients j as kD ¼ 0.
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zone length k0 for some larger values of kq. From Fig. 2 and Table
2, it can be seen that the relative contact zone length increases
with the increasing of thermal load for small values of j (for exam-
ple j = 0, 1), and decreases for larger values of j (for example j = 2,
5), which agrees with the results obtained by Herrmann and Lobo-
da (2003a, 2003b) for interface crack problem of piezoelectric
bimaterials. However, it should be noted that for any value of j
the relative contact zone length for kq !1 tends to a ﬁxed value,
i.e., k0 ¼ 2:6132 1012, which is, in fact, equal to the correspond-
ing contact zone length for the present magnetoelectroelastic
bimaterial system under purely thermal load. The similar phenom-
enon has also been observed for thermopiezoelectric materials
(Herrmann and Loboda, 2003a, 2003b) and for thermoelastic bima-
terials (Herrmann et al., 2004). Besides, Fig. 2 also implies that for a
ﬁxed r0, when the direction of the thermal ﬂux satisﬁes the neces-
sary condition discussed before and j = 0 (i.e., s0 = 0), the relative
contact zone length is larger for q0e > 0 than the one for the case
of no thermal load applied, which agrees with the corresponding
conclusions for either piezoelectric bimaterials or elastic bimateri-
als as well (Herrmann and Loboda, 2003a, 2003b; Kharun and Lo-
boda, 2004).
Fig. 3 and Table 3 show the values of ðK2 þ KðmemÞ2 Þ=K0 versus
kq, where K0 ¼ r0
ﬃ
l
p
. Obviously, the normalized Mode-II IF in-
creases with the increasing of kq In the meantime, Fig. 3 indicates
that the normalized Mode-II IF increases with the increasing of the
applied shear load as well, which has been early observed byHerrmann et al. (2010) for interface crack peoblems of magneto-
electroelastic bimaterials under magnetoelectromechanical loads
and by Herrmann and Loboda (2003a, 2003b) for interface crack
problems of piezoelectric bimaterials.
Fig. 4 shows the normalized total ERRs (G + G(mem))/G0 versus
the normalized applied thermal load kq for different shear-nor-
mal load coefﬁcients j as kD ¼ 0. It is easily seen that the normal-
ized total ERRs increase rapidly with the increasing of kq. Thus,
according to maximum energy release rate criterion, the larger
kq is, the easier growth and propagation the right crack tip is.
In addition, Figs. 3 and 4 also imply that for the present load cases,
the total energy release rate and Mode-II SIF can be used equiva-
lently as the fracture parameters.
In Fig. 5 the relative contact zone lengths versus the normalized
applied electrical load kD for different normalized applied thermal
loadkq as j = 0 are ﬁrstly displayed. As shown in Fig. 5, increasing
kD generally leads to an increase of the relative contact zone length.
Fig. 5 further illustrates that for different kq, as j = 0 with a ﬁxed r0,
when kD is less than a deﬁnite value designated as kD, the contact
zone is not existed.
The inﬂuence of the electrical load upon the electrical displace-
ment intensity factor is displayed in Fig. 6. From Figs. 5 and 6, it can
be observed that as kD ¼ kD, K4 þ KðmemÞ4 ¼ 0. In fact, this can also
been obtained directly from Eqs. (77) and (A.10). And as kD ¼ kD,
it is easily known k1 ¼ k2 (i.e., a1 = a2), which implies that the inter-
face crack closes smoothly at the point x1 = a1. As shown in Fig. 6, for
the present bimaterial system, kD are equal to 15.27, 10.56,
23.85 and 36.71 for kq are equal to 0, 1, 2, 5, respectively.
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applied electrical load kD for different normalized applied thermal loads kq as j = 0.
Table 2
Relative contact zone lengths versus the normalized applied thermal load kq (with
large values) for different shear-normal load coefﬁcients j as kD ¼ 0.
kq  lnðk0Þ
ðj ¼ 0Þ
 lnðk0Þ
ðj ¼ 1Þ
 lnðk0Þ
ðj ¼ 2Þ
 lnðk0Þ
ðj ¼ 5Þ
103 26.75 26.68 26.60 26.38
104 26.68 26.67 26.66 26.64
105 26.67 26.67 26.67 26.67
106 26.67 26.67 26.67 26.67
Table 3
Normalized Mode-II SIFs ðK2 þ KðmemÞ2 Þ=K0 versus the normalized applied thermal load
kq (large value) for different shear-normal load coefﬁcients j as kD ¼ 0.
kq j = 0 j = 1 j = 2 j = 5
103 4.226  102 4.234  102 4.242  102 4.265  102
104 4.216  103 4.217  103 4.217  103 4.220  103
105 4.215  104 4.215  104 4.215  104 4.215  104
106 4.215  105 4.215  105 4.215  105 4.215  105
W.J. Feng et al. / International Journal of Solids and Structures 49 (2012) 3472–3483 3481In addition, we remark that as kD < kD, K4 þ KðmemÞ4 < 0, the sec-
ond inequality of (86b) does not hold true. Thus, the set Xa deﬁned
by (96) becomes empty, i.e., the contact zone model associatedwith the interface condition (24) does not exist. This situation is
similar to the well-known result concerning the possibility of a
transition from a perfect thermal contact of two isotropic bodies
to their separation reported for example by Barber and Comninou
(1983). And in such a case a new thermomagnetoelectrical inter-
face condition should be presented. However, as demonstrated be-
fore, for the materials considered in this paper, kD is usually much
less than zero, therefore, the interface conditions (24) are generally
applicable.
Figs. 7 and 8, respectively, show the effects of the electrical load
kD on the normalized Mode-II SIFs ðK2 þ KðmemÞ2 Þ=K0 and the nor-
malized total energy release rates (G + G(mem))/G0 for different nor-
malized applied thermal loads kq as j = 0. As shown in Fig. 7, the
Mode-II SIFs increase monotoneously with the increasing of kD.
Fig. 8 implies that even if the contact zone exists, the directions
of the electrical load could slightly affect the total ERRs. According
to energy release criterion, both negative electrical load and large
positive electrical load in general impedes crack propagation and
growth.
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An electrically impermeable and magnetically permeable
interface crack with a contact zone between two dissimilar mag-
netoelectroealstic materials under the action of thermomagneto
electromechanical loads has been considered. First, the matrix-vec-
tor representations (33) and (34) for the stresses, electrical dis-
placement and magnetic induction as well as for the derivatives
of the jumps of the displacements, electrical and magnetic poten-
tials via a sectionally-holomorphic vector-function are given. Next,
the combined Dirichlet–Riemann and Hilbert boundary value
problems are, respectively, derived and solved. Then, the stress,
electrical displacement intensity factors as well as the energy re-
lease rate are all obtained in concise and analytical forms which
become especially simple for small values of the contact zone
length. The transcendental equations for the determination of real
contact zone length are derived simultaneously. The analytical for-
mulas for the main magnetoelectromechanical characteristics cor-
respondent to the classical (‘‘open’’) crack model are given as well.
Finally, some typical numerical results are plotted and discussed in
detail. From the theoretical and numerical results, the following
conclusions can be drawn:

 For the electrically impermeable and magnetically permeable
interface crack with a contact zone under thermomagnetoelec-
tromechanical loads, not only the electrical displacement at the
right crack-tip a but also the shear stress at the right crack-tip b
exhibit a square-root singularity.

 For a ﬁxed tension load, in general, the contact zone length
increases with the increasing of only one of the applied thermal
ﬂux (as q0e > 0), electrical load (as kD > kD) and shear load (as
j > 0).

 Similar to the interface crack problem of purely elastic materi-
als, for magnetoelectroelastic bimaterals, when only thermal
load is applied, the relative contact zone length is a deﬁnite
value denoted as k0. And for deﬁnite megnetoelectromechanical
loads, the relative contact zone length will tend to k0 when the
applied thermal load is large enough.

 As no electrical load applied, Mode-II SIF and ERR, as fracture
parameters, are equivalent. According to maximum energy
release rate criterion, the larger kq is, the easier growth and
propagation the right crack tip is. For the considered bimateri-
als, both the negative electrial load and large positive electrial
load always impedes crack propagation and growth. The small
positive electrial load and the directions of the applied electrical
load have more or less effects on the ERR.
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For purely magnetoelectromechanical loads, the expressions of
IFs have the following forms (Ma et al., 2012):
KðmemÞ1 ¼ ðm44 m14Þ1
ﬃﬃﬃﬃﬃﬃ
pl
2a
r
m44 xm14 2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
að1 kÞp
1þ c4
R4
" #
ðA:1Þ
KðmemÞ2 ¼ 
1
m11
ﬃﬃﬃﬃﬃ
pl
2
r
x2 þ 2e
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð1 kÞ
p
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h i
ðA:2ÞKðmemÞ4 ¼ ðm44 m14Þ1
ﬃﬃﬃﬃﬃﬃ
pl
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r
x 2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
að1 kÞp
1þ c4
R4
" #
ðA:3Þ
where
x ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð1 kÞ
p
x1  2e x2 ðA:4Þ
x1 ¼ R1 cosbþm11s0 sin b; x2 ¼ R1 sinbm11s0 cos b; ðA:5Þ
Rj ¼ ðr0 þmj4d0Þ ðj ¼ 1;4Þ ðA:6Þ
The ERRs can be written as:
GðmemÞ1 ¼
H11K
ðmemÞ2
1 þH44KðmemÞ
2
4 þðH14þH41ÞKðmemÞ1 KðmemÞ4
4
ðA:7Þ
GðmemÞ2 ¼
H22K
ðmemÞ2
2
4
ðA:8Þ
GðmemÞ ¼ GðmemÞ1 þ GðmemÞ2 ðA:9Þ
And for a small value k, the following relation exists.
½u03ðmemÞ ¼ 
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pða x1Þ
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